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XXX. Geometrical Solutions of three cele¬ 
brated Agronomical Problems , by the late 
Dr. Henry Pemberton, F. R. S. Com¬ 
municated by Matthew* Raper, Efq\ 

F. R. $. 


Lem m a. 


■Read June 4, Q form a triangle with two given 

'*7? 2, JL Jides, that the re ft angle under the 
fne of the angle contained by the two 
given fides, and the tangent of the angle oppofte 
to the lejjer of the given fides, Jhall be the greatejl 
that can be. 


Let [Tab. XII. Fig. 1 .] the two given fides be 
equal to A B and A C: round the center A, with 
the interval AC, defcribe the circle CDE, and 
produce BA to E; takeBF a mean proportional 
between B E and B C, and eredt the perpendicular 
F G, and complete the triangle A G B. 

Here the fine of BAG is to the radius, as FG to 
AGj and the tangent of ABG to the radius, as F G 
to F B: therefore, the rectangle under the fine of 
B AG and the tangent of A B G is to the fquare of 

the 
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the radius, as the fquare of FG, or the re&angle 
EFC, to the rectangle under AG (or AC) and FB, 
But, EB being to BF as BF to EC, by convention, 
E B is to E F as B F to F C, and alfo, by taking the 
difference of the antecedents and of the confequents, 
EF is to twice AF as BF to FC ; and twice AFB 
is equal to E F C. 

Now, let the triangle BAH be formed, where 
the angle BAH is greater than BAG. Here, the 
perpendicular HI being drawn, the redangle under 
the fine of B A H and the tangent of A B H will be 
to the fquare of the radius, as the redangle EIC to 
the redangle under AC, IB. But IF is to FB 
as 2 A FI to 2 AFB, or EFC j and 2AFI 
is greater than AF? — A I?; alfo AF? — A I? to¬ 
gether with EFC, is equal to EI C ; therefore, by 
compofition, the ratio of IB to B F is greater than 
that of EIC to EFC; and the ratio of A C x IB 
to A C x F B greater than that of E IC to EFC: 
alfo, by permutation, the ratio of ACxIB to EIC 
greater than the ratio of A C xFB to EFC. But 
the firfl: of thefe ratios is the fame with that of the 
fquare of the radius to the redangle under the fine of 
BAH and the tangent of A B H j and the latter is 
the fame with that of the fquare of the radius to the 
redangle under the fine of BAG and the tangent 
of ABG ; therefore, the latter of thefe two redangles 
is greater than the other. 

Again, let the triangle BAK be formed, with the 
angle BAK lets than BAG, and the perpendicular 
K L be drawn. Then the redangle under the fine of 
BAK and the tangent of ABK is to the fquare of 
the radius, as the fquare of KL to the redangle under 

Kkk 2 AC, 
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AC, BL. Here, FL being to FB as 2AFLt« 
2AFB or EFC, and 2AFL lefsthan AL? — AF?, 
by converfion, the ratio of LB to FB will be greater 
than the ratio of ELC to EFC; therefore, as be¬ 
fore, the reftangle under the fine of BAG and the 
tangent of ABG is greater than that under the fine 
of BAK and the tangent of ABK. 

Corollary i. 

BF is equal to the tangent of the circle from the 
point Bj therefore, BF is the tangent, and AB the 
fecant, to the radius AC, of the angle, whofe cofine 
is to the radius as AC to AB. Therefore, AF is 
the tangent, to the fame radius, of half the comple¬ 
ment of that angle; and A F is alfo the cofine of 
the angle BAG to this radius. 

O O R O L . 2* 

The fine of the angle compofed of the comple¬ 
ment of AGB, and twice the complement of ABG, 
is equal to three times the fine of the complement 
of AGB. Let fall the perpendicular AH (Fig. 2.), 
cutting the circle in I; continue GF to K, and draw 
AK. Then BF? — EBC = GBL. Therefore, 
GB : BF :: BF : BL, and the triangles GBF, 
F B L are fimilar. Confequently FL is perpendi¬ 
cular to GB, and parallel to AHj whence GH 
being equal to HL, GM is equal to Ml, and 
M K equal to three times G M. 

Now, the arc I K = 2IC + GI■; and the angle 
IA K.= 2 1 A C 4- G A 1 y alfo G M is to M K as 

the 
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the fine of the arc GI to the fine of the arc IK, 
that is, as the fine of the angle G AI to the fine- 
of the angle IA K. Therefore, the fine of the 
angle I A K (=2lAC -f- GAI) is equal to three 
times the fine of the angle GAIj but GAI is the 
complement of AGB, and I AC the complement of 
ABG. 

COROL. 3. 

If (Fig. 3.) any line BN be drawn to divide the 
angle ABG, and AN be joined, alfo AO be drawn 
perpendicular to BN, and continued to the circle 
in P, the fine of the angle compofed of N A P 
and 2PAC will be lefs than three times the fine of 
the angle NAP. Draw NQR perpendicular to 
AB, cutting AP in S; join AR, and draw QT 
perpendicular to B N, and parallel to AO; then 
BQ?,= NBT. But BQ^is greater than the red¬ 
angle E B C, that is, greater than the redangle 
N B V, under the two Segments of the line B N 
drawn from B, to cut the circle in N and V : 
therefore, TB is greater than VB, and NO greater 
than OT. Consequently N<S is greater than S Q. 
Hence RS is lefs than three times NS; and there¬ 
fore, the fine of the angle PAR (= NAP-f-2PAC) 
is lefs than three times the fine of N AP. 


Problem 
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Problem I. 

*To find in the ecliptic the pdnt of longed afcenfon. 

Analysis. 

Let (Fig. 4.) ABC be the equator, ADC the 
ecliptic, BD the fituation of the horizon, when D 
is the point of longeft afcenfion. Let EFG be an¬ 
other fituation of the horizon. Then the ratio of 
the fine of EB to the fine of FD is compounded of 
the ratio of the fine of BG to the fine of GD, and 
of the ratio of the fine of AE to the fine of AF ; 
but the angles B and E being equal, the arcs EG, 
G B together make a femicircle; and, by the ap¬ 
proach of EG towards GB, the ultimate magnitude 
of BG will be a quadrant, and the ultimate ratio of 
EB to FD will be compounded of the ratio of the 
radius to the fine of DG (that is, the cofine of BD) 
and of the ratio of the fine of A B to the fine of AD. 
Draw the arc DH perpendicular to AB. Then, in the 
triangle B DH, the radius is to the cofine of B D, as 
the tangent of the angle BDH to the cotangent of HBD. 
Alfo, in the triangle BD A, the fine of AB is to the 
fine of AD as the fine of the angle BD A (or BDC) 
to the fine of ABDj therefore, the ultimate ratio 
of BE to DF is compounded of the ratio of the 
tangent of B D H to the cotangent of A B D, and 
of the ratio of the fine of BDC to the fine of 
ABD ; which two ratios compound that of the 
redangle under the tangent of BDH and the fine of 
B D C to the rectangle under the cotangent and the 
fine of the given angle ABD. 

4 


But 
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But, when D is the point of longeft afcenfion, the 
Tatioof BE to DF is the greateft that can be* there¬ 
fore, then the ratio of the reftangle under the tangent 
of BDH and the fine of BDG to the given redfc- 
angle under the cotangent and fine of the given angle 
ABD muft be the greateft that can be* and confe- 
quently, the redtangle under the tangent of BDH, 
and the fine of B D C, muft be the greateft that 
can be. 

In the triangle BDA, the fine of BDH is to the 
fine of HD A, as the cofine of ABD to the cofine of 
BAD. Now, in the preceding lemma, let the angle 
BAG of the triangle AGB be equal to the fpherical 
angle BDC: then will thefumof the angles ABG, 
AGB be equal to the fpherical angle BDA. And, 
if AG in the triangle AGB, be to AB as the cofine 
of the fpherical angle DB A to the cofine of DAB, 
that is, as the fine of BDH to the fine of HDA, 
the angle ABG, in the triangle, will be equal to the 
fpherical angle BDH ; and the angle AGB, in the 
triangle, equal to the fpherical angle HDA. There¬ 
fore, by the firft corollary of the lemma, that the 
retfangle under the tangent of the fpherical angle 
BDH and the fine of BDC be the greateft that 
can be, the cofine of BDC muft be equal to the 
tangent of half the complement of the angle, whofe 
cofine is to the radius, .as AG to AB, in the triangle, 
or as the cofine of the fpherical angle ABD to the 
eofine of the fpherical angle BAD. 

If IK be the fituation of the horizon, when the 
fblftitial point is afcending, in the quadrantal triangle 
AIK, the cofirie of KIC is to the radius as the cc- 
fine of IKA£sa DBA) to the cofine of IAK. There¬ 
fore, 
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ibre, the cofine of B D C, when D is the point of 
longeft afcenfion, is equal to the tangent of half the 
complement of the angle, which the ecliptic makes 
with the horizon, when the folflitial point is afcend- 
ing. 

But, the fine of the angle compofed of DAB, and 
twice ABD, muft be lefs than three times the fine 
of the angle BAD. In the fpherical triangle ABD, 
the angles BAD, ABD together exceed the ex¬ 
ternal angle B D C. Therefore, in the third corol¬ 
lary of the lemma, let the angle BAN be equal to 
the fum of the fpherical angles BAD, ABD : but 
here, AN is to A B as the cofine of the fpherical 
angle ABD to the cofine of BAD; and AN is allb 
to A B as the fine of ABN to the fine of A N B, 
that is, as the cofine of B A P to the cofine of N A P; 
confequently, fince the angle BAN is equal to the 
fum of the fpherical angles BAD, ABD, the angle 
NAP is equal to the fpherical angle BAD, and the 
angle BAP equal to the fpherical angle ABD; but 
the fine of the angle compofed of N A P and twice 
PAB is lefs than three times the fine of NAP; 
therefore, the fine of the angle compofed of the 
fpherical angle BAD and 2 ABD will be lefs than 
three times the fine of the angle BAD; otherwife 
no fuch triangle DBA, as is here required, can take 
place, but the point A will be the point of longeft 
afcenfion. 

If the fine of the angle A be greater than one 
third of the radius, the point A can never be the 
point of longeft afcenfion j but when the fine of this 
angle is lefs, the angle compounded of B A D and 
twice ABD, may be greater or lefs than a quadrant; 
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and therefore, the magnitude of the angle ABD, 
that A be the point of longed afcenfxon, is confined 
within two limits, of which the double of one added 
to the angle A, as much exceeds a quadrant, as the 
double of the other added to that angle falls fhort of 
itj therefore, double the furn of thofe two angles, 
together with twice A, makes a femicircle ; and the 
fingle ium of thofe two angles added to A makes a 
quadrant. 


Problem II. 

To find when the arc of the ecliptic differs mofi from its 
oblique afcenfion. 

Analysis. 

If (Fig. 5.) BD be the fituation of the horizon, 
when C D differs mod from C B, as before, the ul- 
timate ratio of B E to D F will be compounded of 
the ratio of the radius to the fine of DG (or the co¬ 
fine of DB) and of the ratio of the fine of CB to the 
fine of C D : but, when C D differs mod from C B, 
B E and D F are ultimately equal j therefore, then 
the cofine of B D is to the radius as the fine of C B 
to the fine of C D. 

Draw the arc CHI of a great circle, that DH 
be equal to D B ; then, B H being double B D, half 
the fine of BH is to the fine of BD or DH, as 
the cofine of BD to the radius; therefore, half the 
fine of BH is to the fine of DH as the fine of CB 
to the fine of C D ; but the fine of the angle BCH is 
to the fine of BH as the fine of the angle CHB to the 

Vol. LXII. L 1 1 fine 
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fine of CB; whence, by equality, half the fine of 
BCH is to the fine of DH as the fine of CHB to 
the fine of CD : but as the fine of CHB to the fine 
of CD, fo, in the triangle CHD, is the fine of DCH 
to the fine of HD : confequentiy, the fine of DCH 
is equal to half the fine of BCH. Hence, the dif¬ 
ference of the angles BCH, DCH being given, 
thofe angles are given, and the arc C HI is given by 
polition. 

Moreover, in the triangle BCH, the bafe BH 
being bifedted by the arc C D, the fine of the angle 
CHD is to the fine of the given angle C B D, as 
the fine of the given angle H C D to the fine of the 
given angle BCD; therefore, the angle CHB is 
given ; in fo much, that in the triangle C B H all the 
angles are given. 

The fum of the fines of the angles B C H, DCH 
is to the difference of their fines, as the tangent of half 
the fum of thofe angles to the tangent of half their 
difference ; therefore, the tangent of half the fum of 
BCH, DCH is three times the tangent of half 
BCD. 

In (Fig. 6.) the ifofceles triangle ABC, let the 
angle BAG be equal to the fpherical angle BCD, 
and let AE be perpendicular to BC; alfo, CF being 
taken equal to C B, join A F: then EF is equal to 
three times EB; and as EF to EB, fo is the tan¬ 
gent of the angle E A F to the tangent of E A B ; 
but E AB is equal to half the fpherical angle BCD: 
therefore, the angle EAF is equal to half the fum of 
the fpherical angles BCD, BCH; and confequentiy, 
the angle C A F equal to the fpherical angle DCH. 
Here, AF istoCF as the fine of the angle A C F 

to 


2 
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to the fine of C A F ■, and C B is to A B as the fine 
of the angle B A C to the fine of A C B: therefore, 
CF being equal to CB, and the fine of ACF to the 
fine of ACB, by equality, AF is to AB as the fine of 
the angle B A C to the fine of C A F, that is, as the 
fine of the fpherical angle B C D to the fine of the 
fpherical angle D C H. 

Let (Fig. 7.) the triangle A G B have the angle 
A B G equal to the fpherical angle C B D, and the 
fide AG equal to AF. Then, AG is to AB as 
the fine of the fpherical angle B C D to the fine of 
the fpherical angle D C H, that is, as the fine of 
the fpherical angle CBH to the fine of the fpherical 
angle CHB : but AG is to AB allb as the fine of the 
angle A B G to the fine of A G B ; therefore, the 
angle A B G being equal to the fpherical angle 
C B H, the angle A G B is equal to the fpherical 
angle CHB : and moreover, when the angle ABG 
is greater than ABF, that is, when the fpherical 
angle CBH is greater than the complement of half 
BCD, the three angles ABG, AGB and BAC 
together exceed two right. 

Hence, (Fig. 8.) towards the equinodlial point C, 
where the angle C B D is obtufe, a fituation of the 
horizon, as BD, may always be found, wherein 
CD more exceeds CB than in any other fituation : 
and when the acute angle DBA is greater than the 
complement of half BCD, another fituation of the 
horizon, as KLM, may be found, toward the other 
equinoftial point A, wherein the arc of the ecliptic 
C K will be lefs than the arc of the equator, and 
their difference be greater than in any other fituation. 
But, if the angle DBA be not greater than the com- 

L 11 2 plement 
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plement of half BCD, the arc of the ecliptic, be¬ 
tween C and the horizon, will never be lefs than the 
arc of the equator, between the fame point C and the 
horizon. 

In the two fituations of the horizon, the angles 
CHB and KM A are equal. 

Scholium i. 

To find the point in the ecliptic, where the arc 
of the ecliptic mod; exceeds the right afcenfion, 
is a known problem : that point is, where the 
cofine of the declination is a mean proportional 
between the radius and the cofine of the greateft 
declination. 

In the preceding figure, fuppofing the angle CBD to 
be right, then, becaufe when CD mod exceeds CB, 
the cofine of BD is to the radius as the fine of CB to 
the fine of C D, and, in the triangle C B D, the fine 
of C B is to the fine of CD as the fine of the angle 
C D B to the radius, alfo the fine of C D B is to 
the radius as the cofine of BCD to the cofine of 
BD} therefore, the cofine of B D is to the radius 
as the cofine of the angle BCD to the cofine of 
the fame B D, and the cofine of B D is a mean pro¬ 
portional between the radius and the cofine of 
BCD. 

Scholium 2. 

In any given declination of the Sun, to find 
when the azimuth mod: exceeds the angle which 
meafures the time from noon, is a problem ana.- 
logous to the preceding. 

Dr. 
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Problem III. 

I’he tropic found , by Dr. Halley s method *, without 
any conjideration of the parabola. 

The obfervations are fuppofed to give the pro¬ 
portions between the differences of the fines of three 
declinations of the Sun near the tropic ; but the fine 
of the Sun’s place is in a given proportion to the fine 
of the declination ; therefore, the fame obfervations 
give equally the proportion between the differences 
of the fines of the Sun’s place, in each obfervation. 

Now (Fig. 9.), let ACE be the ecliptic, AE its 
diameter between y and and its center F ; let 
B, C, D be three places of the Sun; BG, Cl, 
DH the fines of thofe places refpedtively. Draw 
CK, BL parallel to AE, which may meet HD, 
ir> N and M. Then, by the obfervations, the ratio 
of DM to DN is given. Therefore, if BD be 
drawn to meet KL in O, the ratio of B D to OD 
is given ; and the ratio of B D to D C is alfo given, 
they being the chords of the given angles B F D, 
C F D: hence the ratio of C D to D O, in the tri¬ 
angle C D O, is given j and confequently, the angle 
COD will be given: which angle is the diftance 
of the tropic from the middle point of the ecliptic 
between B and D : for, F P R being perpendicular 
to O C, and F QS perpendicular to D B, the angle 
QJFP is equal to QOP, the points O, P, Q, F, 
being in a circle. 

* Vide Philofophical Tranfactions,, N° 215. 
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The Calculation. 


DN : DM \ , „ 

f. § BPD : f. |C FD J :: rad * : A * 

rad. : t. z. :: t. * BFC : t. ^£ILpJl££ 

If x > 45 °> A COD > DCO 

And 

if % z. 45 0 , l COD < DCO. 


If the intervals between the obfervations are fo 
final 1, that the lines differ not much from the arches, 
the arches BC, CD may be counted in time, and 
the calculation may be abbreviated thus: 


DM : DN :: arc. BD : Z (for DO) 

DC4-Z : aDC :: *BC : SR. 

Or, 

DMxDC.+DNxBD : DM xDC :: §BC : SR. 


XXXI. On 
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